With the help of the complex structure and the wave operator of the nonlinear classical Klein-Gordon equation with the interaction u 4 4 we define the Wick kernel of the interacting quantum field in four-dimensional space-time and consider its properties. In particular, the diagonal of this Wick kernel is (real) solutions of the classical nonlinear Klein-Gordon equation with the interaction u 4 4 .
Introduction.
In the paper [22] , see also [17, 36] , we have constructed the solution 1 of the quantum wave equation 2φ(t, x) + m 2 φ(t, x) + λ : φ 3 (t, x) := 0 (1.1)
in four-dimensional space-time. In the integral form this equation is the following φ(t, x) = φ in (t, x) − λ φ out (t, x) = φ in (t, x) − λ where the in-field φ in is the in-coming free quantum field and : : is the Wick normal ordering with respect to the free field φ in .
In the papers [17, 22] this solution has been correctly defined as a bilinear form on D coh (ϑ) × D coh (ϑ), where D coh (ϑ) is a subspace in the Fock space of the in-field φ in . The subspace D coh (ϑ) is generated by linear combinations of coherent vectors which are near to the vacuum.
In the present paper we consider the solution of the quantum nonlinear wave equation (1.1), which was constructed in [17, 22] , from the other point of view.
We introduce explicitly the Wick kernel for the interacting field φ(e z 1 , e z 2 ) = 1 2 exp( z 1 , z 2 H 1/2 (IR 3 ,1 C) )(RW in R −1 (z 1 + z 2 ) + RW in R −1 (z 1 + z 2 )) (1.4) and for the out-going field φ out (e z 1 , e z 2 ) = 1 2 exp( z 1 , z 2 H 1/2 (IR 3 ,1 C) )(RSR −1 (z 1 + z 2 ) + RSR −1 (z 1 + z 2 )), (1.5) where R is the isomorphism,
and W in , W out are the in-and out-wave operator, respectively, of the classical nonlinear equation with the interaction of the 4th degree. This Wick symbol is defined for all coherent vectors with finite energy. Due to holomorphity the expression (1.4) is holomorphic inz 1 , z 2 for z 1 , z 2 ∈ H 1 (IR 3 , 1 C), see [25] . The expression (1.4) gives, in fact, the mathematical realization of a physical idea to write an interacting field with the help of a wave operator. Due to holomorphity (1.4) has the quite correct sense written as where R n is the unique generalized function from S(IR 3n , 1 C), which corresponds to the n-th Frechét derivative of the function RW in R −1 at zero in the complex Hilbert space H 1 (IR 3 , 1 C) and R n is its complex conjugation, i.e. (we denote later W in as W without the subscript "in")
In other words, R n is equal to the n-th derivative of the function RW R −1
at zero and the derivative is taken over the positive frequency part of in-solution. The positive frequency part 2 of in-solution may be defined with the help of the isomorphism R which gives the one-to-one correspondence with the initial in-data.
The expansion (1.6) is defined by the Taylor expansion of the (classical) wave operator at zero and it is convergent on coherent vectors near to the vacuum. The expansion (1.6) defines the bilinear form and the holomorphity allows to prove that the Wick kernel of (1.6) can be extended uniquely on all coherent vectors with finite energy (and is equal to (1.4) ).
Thus, we construct the : φ 4 4 : quantum field theory along the following pathway. To construct the : φ 4 4 : quantum field theory we define the Wick kernel for the interacting quantum field as (1.4). As a consequence we obtain that the interacting quantum field satisfies the expansion (1.5) in the sense of bilinear forms on an appropriate subspace of the Fock space. The complex structure and estimates allow us to prove that (1.4) is defined correctly as a Wick kernel in the sense of Paneitz, Pedersen, Segal, and Zhou [34] .
Separately, we prove that the solution of Eq. (1.3), defined as a bilinear form, has the Wick kernel equal to (1.4) on coherent vectors near to the vacuum, i.e. in a zero neighbourhood, [26] , see also [22, 17, 36] . In addition, this Wick kernel (1.4) defines the unique operator-valued generalized function from
are the Gelfand spaces of test functions [14, v. 2] , [15, v. 4] , L(Φoκ) is the space of linear bounded operators in the space Φoκ and Φoκ denotes the Fock space of the free quantum in-field. Moreover, this operator-valued generalized function can be extended on a Gelfand space S α , α < 6/5, and these Gelfand spaces with α > 1 contain dense subspaces of functions with compact supports in coordinate space [28] . This result allows us to construct Wightman functions (as generalized function of Jaffe type) and matrix elements of the quantum scattering operator. It is possible to consider Wightman axioms: the conditions of positivity, spectrality, Poincaré invariance, locality, cluster property, and asymptotic completeness [29] .
In this paper we introduce the Wick kernel (1.4) for the interacting quantum field of the : φ 4 4 : quantum field theory and consider its properties.
Complex structure.
In this section we formulate and prove the assertions connected with the complex structure of solutions of the classical (real) nonlinear wave equation with the cubic nonlinearity in four-dimensional Minkowski space-time,
We use these statements for the construction of the : φ The solution of Eq. (2.1) is uniquely determined by its Cauchy data
Let W in (= W ) be the incoming wave operator (the in-wave operator, or the backward wave operator) of Eq. (2.1). The operator W in maps in-data at time zero into initial data at time zero. Let W out be the outgoing wave operator (the out-wave operator, or the forward wave operator). The operator W out maps out-data into initial data. Let S be the scattering operator of the classical nonlinear wave equation (2.1).
Here
The map RW R −1 is defined correctly as the mapping from
and is the complex analytic mapping of the complex Hilbert space Let P be the Poincaré group. Let P 0 be the connected component of the Poincaré group. Given (a, Λ) ∈ P and a finite-energy solution u of (2.1), define (a, Λ)u by
Then (a, Λ)u is also a finite-energy solution of (2.1), and the map ((a, Λ), u) → (a, Λ)u defines an action of the group P on the Hilbert space H 1 ⊕ L 2 of initial data. We denote this map by U(a, Λ). When the coupling constant in (2.1) λ = 0, i.e. for the case of the linear Klein-Gordon equation, the maps U 0 (a, Λ) are linear.
The wave operators have the following basic properties. 
Proof of Theorem 2.2. See, for instance, [4] . Theorem 2.2 is proved.
Let Θ
T be the time reflection operator on the space of initial data, Θ T (ϕ, π) = (ϕ, −π). Let Θ P be the space reflection operator on the space of initial data,
Theorem 2.3 (T -symmetry).
The equalities
Corollary 2.4 (P T -and CP T -symmetry).
Remarks.
1. The symmetry Θ for the classical system means the following. Θ is a mapping of initial data, (ϕ,
is the corresponding solution of Eq. (2.1). 2. Since P -symmetry (the space reflection symmetry) is obvious, so T -symmetry implies P T -symmetry and CP T -symmetry for the nonlinear equation (2.1). Of course, CP T -symmetry is more fundamental.
3. On the other hand Theorem 2.2 is connected with the correspondence between the time reflection and the complex conjugation. Theorem 2.2 appears in the fact that the interacting quantum field is a Hermitian bilinear form. For the bilinear form-solution this was pointed out in [17] , [22] .
4. The indexation of free solutions with the help of positive frequency part corresponds to the fact that the real diagonal of Wick symbol of the interacting quantum field satisfies the classical nonlinear wave equation.
Proof of Theorem 2.3.
Let u(t, x) be a solution of classical nonlinear equation (2.1) with finite energy. Then u(−t, x) (and u(−t, −x)) is a solution of the same equation also. The solution u defines the unique initial, in-, and out-data at time zero,
where u in u out are the unique free solutions such that
This implies immediately that the solution u Θ T ( = u(−t, x) ) has the initial data equal to (ϕ, −π) at time t = 0, the in-data equal to (ϕ out , −π out ), and the out-data equal to (ϕ in , −π in ).
Therefore, since by definition the wave operators satisfy the following equalities
out W in , the previous assertion implies the equality
The last equality implies that
Theorem 2.3 is proved.
Remark.
It is well known that S is not the identity operator [20] . This implies that W out = W in .
3. Wick kernel of the interacting quantum field.
The existence of classical wave operator and holomorphity allow us to introduce the Wick kernel of the interacting quantum field and to construct the bilinear form given by this kernel.
For this purpose we introduce the Hilbert Fock space for the free quantum field φ in . We introduce the Fock space as it described in [36] , but instead of the basis used by Raczka [36] we take a basis in the complex Hilbert space H 1/2 (IR 3 , 1 C) with explicit introduction of its pure real and pure imaginary parts (for the integral by Paneitz, Pedersen, Segal, Zhou [34] , see also [5] , we may use any basis in the complex Hilbert space).
Let us take a (canonical and standard) basis in the space H 
The operators q j and p j , j = 1, 2, 3, satisfy the canonical commutation relations
are hermitian (and essentially self-adjoint on S(IR 3 , 1 C)) in the Hilbert space H 1 with the scalar product
the Hilbert space H 1 coincides with the Hilbert space H −1/2 (IR 3 , 1 C) in coordinate space. We define the operators
These operators are mutually adjoint and correspond to the analogous operators in [7, ch. 5.1, p. 141],
They satisfy the commutation relations
Let e 0 be the normalized vector, satisfying the equalities
In the considered momentum space
The orthonormalized basic vectors in H 1 we define as the Hermite functions (the Hermite polynomials) defined on the mass hyperboloid,
In x-space the vector e 0 (x) is a real-valued function and the vectors e k (x) are realvalued functions also. This follows from the fact, that in the p-space
and from the reality of operators µ as convolution operators. Here
is the operator of relativistic coordinate in p-space (= in momentum space), see [7, ch. In this case, all functions that define the basis are orthonormal and real-valued in the x-space. In the p-space these functions satisfy the following relation
are orthonormal real in the complex Hilbert space H 1/2 (IR 3 , 1 C) and generate a basis in this Hilbert space.
We use the following representation of the free (scalar, hermitian) quantum field in the Fock space, see [5] , [7, ch. 5 .1], [36] . We denote the Fock space for the free field as Φoκ and chose it as Φoκ = ⊕ ∞ n=0 H n , where
The Fock space Φoκ is associated with the free quantum field φ in . Let φ − in (0, x), φ + in (0, x) be the annihilation and creation part of the free quantum field, i.e. the negative and positive frequency part of the field φ in at time zero. Using the chosen basis {e k (p)} ∞ k=0 we define the smeared annihilation and creation operators a k and a * k ,
where e k (x) is a basis vector in coordinate space (i.e. the Fourier transform of the vector e k (p) ). The operators a k , a * k , satisfy the canonical commutation relations [a k , a * l ] = δ kl and form an infinite-dimensional nilpotent Lie algebra, which is irreducible in the Fock space Φoκ.
The free quantum field φ in (t, x) has the following form in terms of annihilation a k and creation a * k operators:
with our choice of the real basis, e k (p) = e k (−p). In this case
The vacuum averages of a sum of products of the field φ in coincide with the corresponding value of the free Wightman functional. Now we construct convenient dense subspaces contained in the Fock space. Let
where
z is an element of the complex Hilbert space 
and
in the chosen earlier basis
be the subspace in the Fock space of the in-field generated by finite linear combinations of coherent vectors from A, i.e. if χ ∈ D coh (A), then
α j e(z j ), the sum is finite, α j ∈ 1 C, z j ∈ A}.
We define the Wick kernel for the interacting quantum field as the function (
. Thus, the Wick kernel smoothed with some test function over space is equal to
The smoothed Wick kernel corresponds to the smoothed field at the time zero, i.e. to the bilinear form corresponding to φ(0, x)h(x)d 3 x. Analogously, we define the Wick kernel for the out-going quantum field as
In [26] we show that the interacting and out-going Wick kernel can be reconstructed uniquely with the help of the bilinear form-solution, that has been constructed in [22] . In this paper we consider the introduced Wick kernels, their properties and the bilinear form defined by these Wick kernels.
and is complex antiholomorphic on z 1 and complex holomorphic on z 2 . In particular, for z 1 , z 2 belonging to finite-dimensional subspaces in
is an entire complex antiholomorphic function on α 1 ∈ 1 C n and an entire complex holomorphic function on α 2 ∈ 1 C n in the usual sense. Furthermore,
where a complex conjugation is defined as the complex conjugation of a function with values in
is valid the following estimate
The analogous assertion is also valid for the out-going field φ out .
The proof of Theorem 3.1 follows from the assertion of Theorem 2.1.
Remark.
The Hermitian symmetry is implied by the explicit expression of the Wick kernel and by the equality
for the wave operators W in , W out . In particular, for any real test function h
This Wick kernel defines a bilinear form on
e. on the subspace in the Fock space of the in-field generated by finite linear combinations of coherent vectors with finite energy.
is a bilinear form with values in
defines the bilinear form also. The bilinear forms φ(χ 1 , χ 2 ) and h, φ(
The analogous assertion is also valid for the out-going quantum field φ out .
Let H in be the Hamiltonian of the (free quantum) in-coming field φ in . Due to the energy conservation it is equal to the total Hamiltonian. 
is correctly defined for Im s 1 ≥ 0, Im s 2 ≥ 0 as a bilinear form on
3) depends antiholomorphically on t 1 + is 1 and holomorphically on t 2 + is 2 ).
Proof of Theorem 3.2 and 3.3.
It is evident that Theorem 3.2 is the consequence of Theorem 3.3 with t 1 = t 2 = s 1 = s 2 = 0. Therefore, it is sufficient to prove Theorem 3.3.
The assertion about holomorphity on t 1 + is 1 , t 2 + is 2 is implied by Theorem 3.1 (or by Theorem 2.1) and by holomorphity of the operator exp(iµt − µs) = exp iµ(t + is) on t + is for s > 0. Now we prove that the expression φ is a correctly defined bilinear form. We consider here two variants of the proof for the interacting field φ. The field φ out can be considered analogously.
The first variant of the proof uses Theorem 1 [34, Theorem 1] . The Wick kernel is given by nonlinear operators RW R −1 and RΘ T W Θ T R −1 . The complex holomorphity of the considered Wick kernel was proved in [25] . In order to use Theorem 1 [34, Theorem 1] we take as an operator B the operator
It is evident, that this operator is positive in the coordinate space H 1/2 (IR 3 , 1 C), selfadjoint, and exp(−sB) is a trace class operator for s > 0.
Remark.
It is possible to use more simple choice of (positive, self-adjoint) operator B, for instance,
for sufficiently large α, β, such that the operator B −1 is nuclear (as a product of two Hilbert-Schmidt operators).
We now consider the Wick kernel h, φ(e(e −s 1 B z 1 ), e(e −s 2 B z 2 ) . It is easily to see that this kernel satisfies the estimate (2) of Theorem 1 [34, Theorem 1] . This is implied by the explicit form of the Wick kernel, conservation of energy (which gives an estimate for the nonlinear terms), and by a simple estimate B ≤ c(s) exp(sB), s > 0. Therefore, the conditions of Theorem 1 [34, Theorem 1] are fulfilled and φ is a correctly defined bilinear form. It is possible to extend this bilinear form by continuity on the subspace generated by finite linear combinations of coherent vectors with finite energy.
The first proof of Theorem 3.3 and Theorem 3.2 is complete.
The second proof of Theorem 3.3. Let χ 1 (z), χ 2 (z) be the holomorphic functions on the space
corresponding to the vectors χ 1 , χ 2 in the complex wave representation of the Fock space (see [5, ch. 1, Theorem 1.13, p. 67-68]. Let θ be strictly positive, θ > 0, and such that for β 1 , β 2 ∈ 1 C, |β 1 | + |β 2 | < θ, the Taylor series in β 1 , β 2 for the functions φ(e(β 1 z 1,j 1 ), e(β 2 z 2,j 2 )) converge in H 1 (IR 3 , 1 C) for all j 1 , j 2 (χ 1 , χ 2 are finite linear combinations of coherent vectors). Let
For our sufficiently small β 1 , β 2 , |β 1 | + |β 2 | < θ, we write the following equality
Here σ is an ultraviolet cut-off and V is a space cut-off (i.e. σ is the smoothing with some test function and V is the multiplication on some test function, σ tends to the δ-function and V tends to 1). Further,
is a tempered distribution (i.e. it is a generalized function from the Schwartz space), R n is the tempered distribution defined uniquely by the n-linear continuous form
and by the Schwartz nuclear theorem. We denote this n-linear form and the generalized function by the same notation R n . The generalized function R n is such that R n (f 1 ⊗ ... ⊗ f n ) = 1 n! d n RW R −1 (0)(f 1 , ..., f n ).
A Wick polynomial is a correctly defined bilinear form, for instance, on α 1,j 1 α 2,j 2 exp( z 1,j 1 , z 2,j 2 H 1/2 (IR 3 ,1 C) )φ n ((z 1,j 1 + z 2,j 2 ) ⊗ ... ⊗ (z 1,j 1 + z 2,j 2 )).
we define χ 1 (β 1 ), χ for small β 1 , β 2 . Since φ(χ 1 (β 1 ), χ 2 (β 2 )) and φ(χ ′ 1 (β 1 ), χ ′ 2 (β 2 )) are entire holomorphic functions onβ 1 , β 2 Eq. (3.5) for small β 1 , β 2 implies that it is fulfilled for all β 1 , β 2 ∈ 1 C, in particular, for β 1 = β 2 = 1, that is, φ(χ 1 , χ 2 ) = φ(χ 1 (1), χ 2 (1)) = φ(χ The proof of linearity in χ 1 , χ 2 is analogous. Therefore, (3.2) and (3.3) are correctly defined bilinear forms. The second proof of Theorem 3.2 and Theorem 3.3 is complete.
